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Abstract

We obtain real-variable and complex-variable formulas for the in-
tegral of an integrable distribution in the n-dimensional case. These
formulas involve specific versions of the Cauchy kernel and the Poisson
kernel, namely, the Euclidean version and the product domain version.

92000 Mathematics Subject Classification. 46F10, 46F05, 46F12.
Key words and phrases. S’-convolution, Poisson kernel, weighted distribution spaces.



We interpret the real-variable formulas as integrals of S’-convolutions.
We characterize those tempered distribution that are S’-convolvable
with the Poisson kernel in the Euclidean case and the product domain
case. As an application of our results we prove that every integrable
distrlibution on R™ has a harmonic extension to the upper-half space
R

1 Introduction

The main purpose of this article is to study the convolvability of tempered
distributions with the Poisson kernel. A motivation for our work is to develop
complex-variable and real-variable representation formulas for the integral of
an integrable distribution ([14], p. 243) in various n-dimensional settings.
The complex-variable representation formula was obtained by W. Kierat and
U. Skérnik in [10] in the one-dimensional case.

Several definitions of convolution have been introduced by different au-
thors (see [6]-[16]) to treat the problem of convolvability of two tempered
distributions. We consider here the so called S’-convolution, a commutative
operation that extends to appropriate pairs of tempered distributions the
classical convolution of distributions as defined by L. Schwartz in [14], pre-
serving the Fourier exchange formula F (T« S) = F(T').F (S). In view of
this formula, it is not possible to use the classical definition of convolution
because the Fourier transform of the Poisson kernel is not indefinitely differ-
entiable, so it does not belong to the space O, defined by L. Schwartz in
[14], p. 243.

When working in R" with n > 1, it is natural to consider two versions of
the Poisson kernel, namely, the Euclidean version and the product domain
version. For each of them, we identify optimal spaces of distributions that are
S’-convolvable with the appropriate Poisson kernel. To prove these results
we obtain simple characterizations of the space of distributions involved in
each case. As an application of our results we prove that every integrable
distribution on R™ can be extended to a harmonic function in the upper-
half space R’}fl. In this regard, we extend a classical result of S. Bochner
for integrable functions ([3], [4]), as well as a result of H. Bremermann for
distributions with compact support in R ( [5], p. 49). We also consider the
product of n upper-half planes, R? x ... x R? | where the appropriate notion of
harmonicity is the more restrictive notion of harmonicity in each upper-half



plane. In this context we are able to obtain a result of H. Bremermann ([5],
p. 152).

The article is organized as follows: In Section 2 we include definitions
and auxiliary results. In Section 3 we give real-variable and complex-variable
formulas for the integral of an integrable distribution in the n-dimensional
case, both involving Euclidean and product domain versions of the Poisson
kernel and, in Section 4 we reinterpret the integrands on these formulas as
S’-convolutions. In Section 5 we present our main results, namely, for each
version of the Poisson kernel, we characterize those tempered distributions
that are S’-convolvable with it. The proofs are based on appropriated char-
acterizations of the weighted spaces of distributions relevant to each case.
Finally, in Section 6 we apply our results to obtain harmonic extensions of
integrable distributions. The article ends with a list of references.

The notation used in this article is standard. The symbols C§°, S, C*°,
L LV D' S, E' etc., indicate the usual spaces of distributions or functions
defined on R", with complex values. The symbol |-| denotes the Euclidean
norm on R", while [|-||, denotes the norm in the space LP. When we need to
emphasize that we are working on a particular setting, we will write D’ (R),

pos

S (R?), |I | 1o (k) ete. Partial derivatives will be denoted as 9% or 3=, where a

is a multi-index (ay, ..., ;). We will use the abbreviations |a| = a; +... 4+ ay,
x® = z{'..2%. For a function g, we will indicate with jc/]vthe function z —
g (—z). Given a distribution 7', we will indicate with 7" the distribution
o — (T, %), where ¢ is an appropriate test function. The Fourier transform

will be indicated as F. The letter C' will denote a positive constant, that
may change at different occurrences.
Other notation will be introduced at the appropriate time.

Acknowledgement. The first named author was partially supported by
a Manasse Chair Award from the College of Arts and Sciences at New Mezico
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2 Preliminaries

We start by introducing the spaces of functions and distributions that we
will use along this work ([14], p. 199):

B={¢:R" = C:peC™ 0% is bounded for each multi-index «}



endowed with the topology of the uniform convergence on R" of each deriva-
tive.

B= {p  R" = C:peC® 0% —0as |r| — oo, for each multi-index o} .

B is a closed subspace of B and the space C§° is dense in B.

D’ will denote the strong dual of B. D7, is a subspace of D', the space
of distributions. It can be proved ( [14], p. 201), that given T € D', we
have the representation

T=Y 0%, (1)

where the functions f, belong to L' and the sum is finite. The distributions
in D7, are called integrable distributions. As a consequence of (1), we have
the inclusions £’ C D}, C 5"

The pointwise multiplication is well defined and continuous from B x B

into B and from B x B into B. As a consequence, the space D7}, is closed

under multiplication by functions in B.

Following [14], p. 203, we will consider in B an alternative notion of
convergence:

A sequence {(;} converges to ¢ if, for each multi-index o, sup; [|0%¢;|| . <
oo and the sequence {(?a(pj} converges to 0%p uniformly on compact sets.
In other words, this is the uniform convergence of each derivative on the
bounded subsets of B.

We will denote as B, the space B endowed with this notion of conver-

gence. It can be proved that C§°, and so B, is dense in B, ([14], p. 203).
Moreover, given a distribution 7"in D7, since T"is well defined on C§° and it
is continuous with respect to the topology of B,, T can be uniquely extended
to a linear and continuous functional on B.. In this sense we can say that
D’L1 and B, are in duality. In fact, it can be proved that D}Jl is also the dual
of B. ([14] p. 203).

Y. Hirata and H. Ogata [7] defined the notion of S’-convolution in order
to extend the validity of the Fourier exchange formula

F(T8)=F(T).F(S)

Many authors have studied and applied this notion of S’-convolution (see
for instance [16], [15], [8], [6], [9], [11], [12], [13], [1], [2]). In particular, R.
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Shiraishi proved in [16] an equivalent definition, which is the one we will use
here.

Definition 1 (/16]) Given two tempered distributions T and S, we say that
the S'-convolution exists if T (S * gp) € D}, for each ¢ € S. When the
S’-convolution exists, the map

S —C
Y= (T(S*V’)’l)D/Ll,BC

1s linear and continuous. Thus, it defines a tempered distribution which will
be denoted by T * S

In this definition, T (S * gp) denotes the multiplicative product of the
distribution 7" with the regularization (S * gp). This product is well defined
because the regularization is a C'*° function of polynomial growth with all
its derivatives ([14], p. 248).

It was proved by R. Shiraishi in [16] that 7" % S exists if and only if
S * T exists, and they coincide. Moreover, this definition coincides with the
definition given by L. Schwartz in all the cases in which Schwartz’s definition
is applicable.

3 The integral of an integrable distribution
in the n-dimensional case

L. Schwartz defined in [14], p. 243 the integral of an integrable distribution
as

Definition 2 ([14/) Given T € D', (R"), the integral of T, denoted [T, is
defined as

[r= @)

This definition certainly coincides with the usual Lebesgue integral when
T is a function in L' (R™). In general, given T' € D}, (R") we can represent
T as a finite sum,

T=> 0 (3)

bt



where f, € L' (R™). Thus

(T, 1)D’ B T (fo, 1)L1,Loo = Jo(z)dx.
L R”

W. Kierat and U. Skérnik obtained in [10] the following formula for the
integral of an integrable distribution, in one dimension:

Proposition 3 (/10]) If T € D, (R), then

Ty, 5= [ C@ @) -C@@-id @
independently of y > 0. Here C (T') is the Cauchy transform of T, defined for
z€ C\R as

C(T)(z) = (T, Clt—2) , +.

’
DLl’

where C (z) = 52— is the one-dimensional Cauchy kernel.

The right-hand side of (4) will be called the complex-variable version of
the integral of T

We can give a real-variable version of (4). In fact, let us observe that

1 1 1 1 1 Yy
2mit —x —1y  2mit —x 41y

for every (z,y) € R2, where

1 1
P,(x) = Vn (/s +1)

is the one-dimensional Poisson kernel. Thus, we can write

CT)(z+iy) —C(T)(x—iy) = (T, Blz—1), 4. (6)

Since / P,(xz)dx =1 for each y > 0, we have

[e.9]

TV, 5= (T [ Ro =)

o0 D' ,Be



We claim that we can exchange the integral with the action of the dis-
tribution 7. Let us prove this claim. Using the representation (3) for the
distribution T', we can assume that T = 0°f for f € L' (R). Thus, we can
write

(ﬂzizamr—ong/ﬁ;:@Jy”[Zf@)Gﬁ/ifgx—om)dt

The function t — P,(z — t) is indefinitely differentiable for each z €
R,y > 0. Moreover the function x — 07 P,(x — t) is integrable on R for each
t € R,y > 0. Thus, we can exchange the derivative and the integration to
obtain

@;/Zg@p¢maDu&:4—nM/Zf@(/i@vyx—om)ﬁ

Now the function (z,t) — (=1)" £ (¢) 0 P,(x —t) is integrable on R? for
each y > 0. So, applying Fubini Theorem, we can write

GDM[Zf@(KZW%@—QM)ﬁ:
pnﬂ/i(/wﬂwwg@—om)ﬁ:

(—1) / T @), 0Py — 1) e = / O¢f (1) Byx—1) . .du

—00 1

Thus the claim is proved. We can then write

o0

TN = [ GBa=0), ds ™)

The right-hand side of (7) is the real-variable version of the integral of T'.

In the n-dimensional case, one should be able as well to recognize a
complex-variable version and a real-variable version of the integral of a dis-
tribution T' € D7,. For the real-variable version, one could choose different
extensions of P,(z) to the n-dimensional case, namely, the Euclidean version

py(a) = <) 1 ®)

n+1 7

Y (|l fy2 1)
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r()
ntl

w2

where c(n) = , y > 0, or any product domain version, for instance,

Py (x) = By, (1) Py, (20), (9)

where (y) > 0, meaning that y, ..., y, > 0. Of course, depending on how we
group the coordinates in R", we will obtain different versions, all of which
will give the same definition of [ T'. For our choice (9), the product domain
we are considering is the cartesian product R? x ...x R% of n-copies of the
upper-half plane.

In any case, the n-dimensional real-variable realization of (2) holds with
a similar proof as in the one-dimensional case. For the sake of completeness
we will state now this result for the kernels given by (8) and (9). The proof
is the same as the one given in the one dimensional case.

Proposition 4 If T € D)., then

(T,1) B = / (T3, Py(x — 1)) Ldz, y>0 (10)
L n D’Ll,B
and also
Ty, 5= [ @Py@=0)  do @)>0. (1)
n D/LI,B

In order to obtain an n-dimensional complex-variable realization of (2),
we need to select an appropriate n-dimensional version of the Cauchy kernel

C (z) = 52-. Once again, we can consider the Euclidean case or the product
2miz

domain case.
In the Euclidean case we will consider the kernel K, (21, ..., 2,) defined as

n —
> Zj
=1

2 /. =
2
<Z Bl )
j=1

where the positive constant ¢ (n) is chosen so that

c<n>/Rn(d—“n+1:1 (13)

(12)

|u|2 + 1) 2
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The kernel K, is a non-holomorphic version of the kernel C' when n > 1
and it coincides with C' when n = 1. Given T' € D', (R"), we define the
n-dimensional Cauchy transform of T, K, (T'), as

Ko (T) (21, .0y 2n) = (T4, Ky (81 — 21, oy by — Zn))D/ I
L

We have the following result:

Proposition 5 IfT € D}, (R"), then

(T ), 5. = /n[/cn (T) (21 + iy, 72y o ) (14)

Ko (T) (21 — iy, xg, ..., k) |dr1d2s. . d2y,
independently of y > 0.

Proof. The proof of (14) is based on the fact that

C(n) Kn(tl — I _iy7t2_l‘27"'atn_l‘n)_
Rn

K,(t; — z1 + iy, te — 9, ..., t, — xp)dzrdas.. dxy,
=1

independently of ¢1,....,t, e Rand y > 0. =

The integral (T,1) DB, Can also be computed using the substitutions
zj = xj + iy for any fixed j =1,...,n, 2 = ; for [ # j.

Formula (14) will be adopted as the n-dimensional complex-variable ver-
sion of the integral of T in the Euclidean case.

To obtain a product domain version, we will assume for clarity that our
product domain is R x R. The exact same techniques will apply to a Carte-
sian product with any number of factors, grouped in any way. Depending on
the grouping, the formulas may look a little more complicated.

Let us fix T € D}, (R?). We know that T has the representation (3),
T =5 0“f, where f, € L'(R?). Using this representation, we can obtain a

(63
“Fubini Theorem” for integrable distributions. In fact,

_ 1 a2 _
(T, ®1 ® 902)D/ 17& - Z (axl azg fozlozm(pl X 902)D/leé - (15>

L a



_ (g(— ”‘1+O‘2/ (/ faras (T1,72) 03 @1 (wl)dxl) 05 P2 (902)05902)

(16)
We now observe that for each x5 € R, the integrable function f,,a, (-, Z2)
acts on 0gly; in the duality (D’L1 (R),B(R)). Likewise, the integrable

function (faya, (+22),0%%¢ ) , 5 acts on 0925 (12) in the same duality.
Dias

Thus, we can write,

le o7 def
(T 801®(;02 D’ . —Z(a 2 a 1f0410427(;01) 7éy(;DQ) . = (17)
D \.B
(Tz17 901) , 2 7()02) (18)
( DB DB
As a consequence of these calculations, we can write
(To. Pyy(z =1)) | = | (T, Py (21 — 1)) s Py, (2 — 1) (19)
DB D’ 1,%
L
D’L1 B
Similarly,
(Tt,'P(y)(x—t)) = (TtQaPyQ(x2 _t2>> 7Py1(x1 _tl) (20>
Dy B D', B
L
D/Ll B

From (6) and (19) , it follows that for every T € D', (R?) we can write

(T3, Py (z = 1)) LT = Co[Cy (T) (z1 +iy1) — Ci (T) (z1 — i) (22 + iy2) —
Ca [Ca ( ) (@1 +iy1) — Co (T) (21 — iy1)] (z2 — iy2) (21)

where C; denotes the action of the Cauchy transform C on the j-th coordinate,
j=1,2.

10



From (6) and (20) we can also write

(To. Pyy(z =) | =Ci[Ca(T) (w2 +iy2) = Co(T) (w2 — )] (21 + i) —

!
D' |.B

Ci[Co (T) (w2 +iy2) — Co (T) (w2 — i2)] (21 — ig) (22)
Thus, we can state the following result:

Proposition 6 If T € D}, (R?), we have

(T, )pr | 5. = /}R2 {C2[CL(T) (21 + iyn) = Co(T) (21 — ign)] (w2 + i) (23)
—C2 [C1(T) (z1 + iy1) — Co(T) (z1 — 1)) (w2 — 1y2) } dwrdas
=, {C1[Co (T) (w2 + iy2) — Co (T) (w2 — iy2)] (21 + i)
—C1 [Co(T) (w2 + iy2) — Co (T) (w2 — 1y2)] (z1 — 1y1) } dwrds

for any y1, yo > 0.

We adopt (23) as the 2-dimensional complex-variable version of the inte-
gral of T" in the product domain case.

Let us point out that making repeated use of (5) we can see how the real-
variable kernel P, is related to the complex-variable kernel H?Zl m,
as well as how formulas (21) and (22) come about.

4 The integration formulas as integrals of S'-
convolutions

It is possible to reinterpret the integrands in (10) and (11) as S’-convolutions.
In fact, we have the following result:

Proposition 7 Given T € D’Ll, the distribution T is S’-convolvable with
both kernels P, and P(,y. Moreover, the S'-convolutions are given by

(T Py =), 5 (24

D/

and
(T2, Py (x = 1)) , (25)

Ll B

for each y > 0 and (y) > 0, respectively.
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Proof. Let us first consider the S’-convolution with the kernel P,. Given
¢ € S, it suffices to show that the classical convolution P, * ¢ is a function
in B.

In fact, for each y > 0 the integral

n+1

c(n) @ —t” o

defines a C*° function that we denote f(z). We want to show that 0*f is
bounded on R" for each n-tuple . We have

n+1

o f(z) = L / ) <‘x_t‘ +1> (9°p) (t)dt. (27)

y" y?

We use now Peetre’s inequality;,

(jx =7 + 1) <2 (ja? +1)" (2 + )"
with r = —”T“, to obtain

n+1 n+1

cpw < @ ()T ()T e
Iaf(w)ISyn<y +1) /n<y2+1> @) 0)dt (29)

for each y > 0.

This estimate already shows that f € B for each y > 0. However, we can
obtain an explicit dependence on y, by estimating the integral in (28). For
y > 0 fixed, we write the integral as

n+1 n+l

[ (%)o@ [ (Mer) " e o= e

We estimate each term separately.

Iy < ¢(n) /|t< (0%¢) (1)] dt < c(n) 1(8%0) Iy

L < c<(n> [ (%) 0°0) (1) di

) “t‘n—I—l aa H

<
- yn—l—l

1"
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Finally,
) (12 \ T
o) < D (EDL)
v\ y (20)
1 n o
[n(aw)nl e CoI N

Thus, the S’-convolution T'* P, exists. We will now show that 7" P, is given
by the integrable function (7}, P,(x — t))D/ X Estimates (28) or (29) show

L’

in fact that P, * ¢ belongs to B. So, we can write
D/

(T(Py*SO)vl)D/Ll,BC = (T, Py* o) .
= <Zaafaapy*90> .
= X [ L@@ R

«

= Y (-p / fa(@)0° P, (2 — t)p(t)dtda

R xR"”

= Y[ @R B0, e

L
_ / (TR, el

This concludes the proof of the claim. Similar calculations will show that
T is S’-convolvable with P, for each (y) > 0 and that the S’-convolution
T * P, is given by (Tx, P(y)) IS This completes the proof of Proposition

7. m

Doing the same work as in the proof of Proposition 7, we can show that
the S’-convolution (24) defines a function F'(¢,y) that belongs to C* in the
upper-half space R’}fl. Moreover,

stren-(ralle( (7)), , o

n+1

where P (z) = c¢(n) (1+ |x|2)_ * . For each x € R", the function (¢,y) —
y%P <””7_t) satisfies the equation 92 +3°7_, 8?], = 0. So, F'(t,y) is a harmonic

e

’
DLU

function in the upper-half space R’
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Likewise, the S’-convolution (25), defines a function G (t,y) that be-
longs to C* in the product domain R? x ... x R%. The function (¢,y) —

H?:1ip (%) satisfies the n equations 85], + 8%, = 0 in the product do-
J J

main R? X ... x R2. That is to say, G (¢,y) is harmonic on R% on each pair
of variables (¢;,y;). A function with this property is called n-harmonic ([5],
p. 148). An n-harmonic function is harmonic on Ri X . X Ri, although the
converse is not true in general. For interesting connections with holomorphic

functions in several variables, we refer again to [5].

5 Optimal spaces for the S’-convolution with
the kernels P, and P,

The fact that the functions P, * ¢ and P, * ¢ not only belong to the space

B but also belong to the space B, suggests that D/L1 is not the largest class
of tempered distributions that is S’-convolvable with either kernel. In this
section we will characterize the classes of tempered distributions that are
S’-convolvable with the kernels P, and P, respectively.

We will first consider the S’-convolution with the kernel P,.

Estimate (29) suggests that the kernel P, might be S’-convolvable with
distributions in weighted versions of the space D’ ,. These weighted spaces
appeared naturally in the study made by L. Schwartz ([14], p. 214), of
Newtonian potentials of distributions, as well as in his paper [15]. For other
occurrences of these spaces, see for instance [8], [9], [11], [12], [13], [1], [2].

Definition 8 Let w(z) = (1 + ]3:\2)%, forx € R™ and let us fix p € R. Then
w' Dy ={T eS8 :w"T €D}
with the topology induced by the map
wh D}y — D,
T —wHT.

We observe that w” D', can also be defined as the space of those distri-
butions 7" € D' such that w™T € D’,. In fact, if w™T € D}, then T must
be a tempered distribution.

We first obtain a representation of distributions in w* D', which is related
to the representation obtained in [2] for the particular case p = n.

14



Proposition 9 Given T € S’, u € R, the following statements are equiva-
lent:

i) T ewD),
ii) T =Ti+|z|" Ty, where Ty € E', Ty € D}, and T is zero in a neighborhood

of zero.

Proof. We first assume that i) holds and we select a cut-off function
0 € Cs°sothat 0 <0 <1,60=1for|z] <31, 0=0for |z] > 1. Then, we
write

T = 0T+(1—6)T

(S

E
2

= 9T+(1—9)M\ " (14 ]2[)

)"

J2
1+ |z]?)2 _u
Since (1 —0) % € Band (1+ ]a:\Q) *T e D}y, if weset Ty = 0T,
x
1-—
and T, = —T', we obtain the representation stated in ii).

m

The COI|1V|eI‘S€ is quite direct, since E’ C w"D’, and |z|* T, € w*D/, for
any distribution 7' € D’L1 that is zero near zero.

This completes the proof of Proposition 9. =

The representation formula provided by Proposition 9 is only one of sev-
eral possible representations. For example, given T € w*D},, we have, in

the sense of S’ P
(1+[2*) T:Z(?O‘fa

or

T = Z Lt e?) 0%, (31)

where the sum is finite and f, € L.
We are now ready to characterize those tempered distributions that are
S’-convolvable with the kernel P,.

Theorem 10 Given T € S, the following statements are equivalent:
i) T e w"™Dy,.

ii) T is S'-convolvable with P, for each y > 0.

15



Proof. Let us assume that i) holds. We need to show that for each
¢ € S, the distribution T' (P, * ) belongs to D}, for each y > 0. In fact,

n+1
as a consequence of (29), the function (1 + ]xﬂ% (P, * ) € B, and so our
claim is proved.
Conversely, let us fix T € S’ so that T (P, * ¢) € D’,, for each ¢ € §,
y > 0. We will prove that T € w™*' D', by showing that T can be represented
as in Proposition 9. We consider a cut-off function 6 as in the proof of
Proposition 9. Then, we can write,

T=0T+(1-0)T.

We observe that T € E’. Now, we consider a particular function ¢ € S, so
that for some € > 0, we have ¢ = 0 for |z| > € and ¢ > 0 for |z| < e. We
claim that for an appropriate choice of € > 0 there exists C,, > 0 so that

y
pesll 1P (32)

(P ) (0) 2 Co—
(Jz]" +9?) *

for |z| > 3.
In fact,

() @) = [ cln) AU

t<e Y" (1 + |z — t’2 /yQ)nT
If, say, 0 < & < %, we have for |z] > 1,

y y y

|

and therefore

(Itle—tP )T < (L+alaf/y?)™
:c2+y2 nTH
< C(n>(|‘yn—+1>

Thus, estimate (32) holds. If we combine estimates (32) and (29), we can
conclude that for each y > 0, the function

-9 -
o (1+ |z|)

16



belongs to B and it is equal to zero, near zero. Thus, we can write
ntl
(L+1]z*) % 1-0 o\ —nfL
1 > T(P,

(1—0)T = Ja|""

We conclude that the distribution 7" belongs to w" ™ D ,. This completes
the proof of Theorem 10. m

Remark 11 Given T € w"™'D},, the S'-convolution T % P, is given by
(T, Py(x —t)), where the pairing is understood as

n+1

(1) r ) R -0) (34)

for each t € R", y > 0.
A similar pairing was proposed in [15], p. 16, for the S'-convolution of

1
the distribution p.v.— with distributions in the space (1 + 2?) D}, (R). For-

x
mula (34) can be proved in a similar way to the work done in the proof of
Proposition 7, using this time the representation formula given by (31).

As in the case of D’,, the function defined by (34) is a harmonic function
of the variables t,y in the upper-half space RTFI.

We now turn our attention to the kernel Py =[], P,,. We want to
characterize those tempered distributions that are S’-convolvable with P(,).
The weighted D', space relevant to this task is introduced in the following
definition.

1
Definition 12 Let w; = (1 + x?)Q, j=1,...,n. Then
wi..wDp ={T €8 w*. w,*T €Dy}
with the topology induced by the map

2 2 1y !
U}l...’wnDL1 — DLl

-2 2
T — w;~..w,“T.

The space wi...w2 D', can be viewed as a weighted space of distributions
in the product domain Rx... x R. We summarize in the proposition that
follows several inclusion properties of wi...w2D’, with respect to relevant
weighted spaces of distributions defined in the Euclidean space R".

17



Proposition 13 Forn > 2, the following statements hold:

a) The space w1 D}, is contained, strictly, in the space w**D",.

b) The space wi..w2D}, is contained, strictly, in the space w*"D',.

c) There exist distributions in w" ' D', that do not belong to wi..w2D',.
d) There exist distributions in wi...w2D", that do not belong to w"™ D’ ,.

Proof. We first consider a). Since w™?"w"*! = w™"*! belongs to B,
we can conclude easily that w"“D’L1 C w2”D’Ll. To see that the inclusion
is strict, we consider the tempered distribution 7" defined by the function
z|"”, for some 0 < < n — 1. The distribution T belongs to w D',
because the function |z 7 w=2" is integrable on R”. We claim that T ¢
w1 D, . To prove this claim, we consider the sequence n;(z) = n(z/j),
j=1,2,..., wheren e C5°, 0 <n <1,n(x)=1for|z| <1andn(z)=0 for
|z| > 2. It is quite simple to show that n; — 1 in B,, while for j > 2 we have

e , dx
(WO = [ el ) —
" (1+]z7) ®
e dx
> [
1<]z|<yj (1+’$’ ) 2
> 9" _dr

1<|z|<j |$|1+ﬂ

Since 3 < n — 1, this last integral goes to oo as j — oo. Hence, w " 1T ¢
1. This concludes the proof of a).

To prove the inclusion in b) we can use once again the fact that D7, is
closed under multiplication by functions in B. Thus, since w™?"w?...w? € B,
we have that w%..wgD’Ll - w2”D’Ll. To see that the inclusion is strict,
consider this time the distribution S defined as

S=6)® .05 (1+a2)"
—_——
(n-1) times
where 1 < 1 < n. We will first show that w715 is continuous on C§° with

respect to the topology of B. Indeed, given ¢ € C§° we have

_ntl—p

(w08, 9) g g = (L+22) 7 L0 (0,20)

s,
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_ntl—
Since u < n, the function (1+ 22)” 2 " s integrable on R. Thus, we

get the estimate
[(w95,0) 6 o] < Callgle.

This shows that w= "t S e D', and thus, S € w2”D’Ll. On the other
hand, if we consider the sequence §;(x) = B (z1/7)...0(xn/7),7 = 1,2, ...,
where (3 is the one-dimensional version of the cut-off function n used in the
proof of a), we have that ; — 1 in B.. However,

(i w28, B)) o :/ (1+22) "2 3 (20 /4) s

J
> / (1+22) "2 g,
0

and this integral goes to oo as j — oo because y > 1. Hence wj>...w; %S ¢
D’,. This concludes the proof of b).

Concerning the proof of ¢), the distribution S considered in b) provides
a suitable example.

Finally, to prove d), we observe that the function wj;;fjg is not bounded
along the diagonal x; = ... = z,, when n > 2. This observation suggests the
following example:

We consider the tempered distribution U defined as

(Up)g g = / (1+ xf)n_l ¢ (21, ..., 21) dry (35)

[e.9]

We first show that wy2...w;2U is continuous on C° with the topology of B.
In fact, for ¢ € C§°, we have

(wfz...’w;2U, 80)5,75 = (U7 wf2~"w;290)5/,5 -

/ (1—1—37?)”_1 wi . w e (zy, ..., 1) day (36)

Thus,

< dx
2w < -t
e O N e (37)
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Estimate (37) shows that U € wi..w2D’,. On the other hand, if we
consider the sequence {f;} introduced in b), we have that 5; — 1 in B, but

(w—(n-i-l)U, 5]')5/75 _ (U, w—(n-l—l)ﬁj)S/’S _

[ ) () o) d >

o0

1 J n—o
n-z / (14 27) 23dx1 (38)
1

The integral in (38) goes to oo as j — oo. Thus, U ¢ w™""*D’,, showing
that d) holds. This completes the proof of Proposition 13. m
We will now obtain a characterization of the space w3...w2D’, by means

of a representation very much in the spirit of the one obtamed in Proposition
9.

Proposition 14 Given T € S’, the following statements are equivalent:
i) T € wi..wiD’,.

ii) T =T, —I—Zx?l...x?kﬂh...,ik, where Ty € E', T;, ....;, € D71, and the sum
is taken over all the different k-tuples (iq,...,1), with 1 < i3 < ... <
i <n, 1<k<n.

Proof. The proof of the implication ii)==1) is straightforward and we
will omit it.
For the converse, we consider a one-dimensional 6 so that § € Cg° (R),
<60 <1,60(x)=1for |z] <1and@(x)=0 for |[z] > 2. If we denote
= 0(x;), we have

1= +1=6))...0,+(1—6,) (39)
=010+ (1—0;,) .. (1—0,)0;,..0;,_,

where it is understood that the sum in the second term collects all the possible
cross-products containing at least one factor of the form (1 —#6,,), without
repetition. Thus, we can write

0
0;

1—6;, 1-6, . .
T =000, T+Y 2% ad =~ w0, 0 (w]) o (w?) T



We observe that the distribution 6;...0, T belongs to E’. Moreover, the

. 2 2 ) ] 1—01-1 1—6ik 2 2
functions wj ..wji _ 0;..0; _,, and T T Wiy W belong to B. Thus,

the representation stated in ii) holds. This concludes the proof of Proposition
14. m

Now, we are ready to characterize those tempered distributions that are
S’-convolvable with the kernel P, for each (y) > 0.

Theorem 15 Given T € S’, the following statements are equivalent:
i) T € wi..wiD},.
ii) T is S'-convolvable with Py, for each (y) > 0.

Proof. To prove that i)=>ii), we need to show that T (P, * ¢) € D},
for each ¢ € S, (y) > 0. For this purpose it suffices to prove that the function
(14 2?) ... (L4 22) (P, * ¢) belongs to B, which can be done pretty much
repeating the steps followed in the proof of estimate (29).

We will now prove that ii)==i). If we fix a distribution 7" € S so that
T (P * ¢) belongs to D}, for each (y) > 0, we will show that 7' can be
written as indicated in Proposition 14, by selecting an appropriate function
@. We first observe that if ¢ is of the form ¢;(z1)...on(xy), @; € S (R), then

Puy * 0 = | [P * i (41)
=1

We will use in the sequel functions ¢ € S of that form.
We can write as in Proposition 14,

T = elenT + Z (1 - 011) (1 - 6%) ejl"'ejnfkT'

The distribution ¢, ...0, T has compact support, so, it belongs to D’,. On the
other hand, we can also write formally,

(1-6;)...(1—6,,)0;,..0; T=
1-6, 1 -6, 0 0;
xixf 5 ( i) ( ix) = In—k T (P(y) * gp)
T, (Pyil * ) x? (Py. * (xik> (Pyjl *aj,) (Py. * 7;@)
k ‘K In—k n

(42)
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where oy = a(x;), ¢ = ay...a,, and « is a function to be chosen later.
Using the one-dimensional version of (32) we can conclude that for an
appropriate a € C§° (R), a = 0 for || > 1/3, a > 0 for |z| < 1/3, we have

(P, % @) (z;) > C—2— ||, (43)

x? +y7

for |z;| > 1/3.
Moreover, we can also obtain an estimate from below for the convolution

P
Fure)@) = [ (44

for |z;| < 1. In fact,

16
Lt (=07 g < 5 (1+1/y7) (45)
for |z;| <1, |t| < 1/3, y; > 0. So,
9 v
(P, xa) (2:) 2 167 7 leel] (46)

for |z;| < 1, y; > 0.

According to (43), (46), and (28), each of the ratios in (42) belong to B.
By hypothesis, T (P(y) * gp) belongs to D’ ,. Thus, we have showed that the
distribution 7" can be represented as in Proposition 14. This completes the
proof of Theorem 15. m

6 Applications to Harmonic Extensions of In-
tegrable Distributions

In previous sections we have studied the S’-convolution of tempered distri-
butions with appropriate Poisson kernels and we have characterized those
tempered distributions that are S’-convolvable with the Euclidean version
and the product domain version of the Poisson kernel. We also observed
that in each case, the S’-convolution defined a function with appropriate
harmonicity properties in the relevant domain. The purpose of this last sec-
tion is to present some results about the boundary values of these functions.

Before stating the first result, let us recall that D1 ([14], p. 199) denotes
the space of C'*° functions such that the functions and its derivatives of all
orders are integrable on R".
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Proposition 16 Given T' € D', the S'-convolution T' x P, converges to T
in D}, asy — 07F.
/

Proof. According to Proposition 7, given 7" € D’ ,, the S’-convolution
of T" and P, coincides with the regularization

(Tx’Py (:L‘—t)) /

L]
D, .B

as considered by L. Schwartz in [14] in several different settings. On the
other hand, according to [14], p. 204, given € Dy, the map

T — (T,,0(x—1) , »

DLl’

is linear and continuous from D}, into Dyi. Moreover, if {0,},., is a
net that converges to the distribution ¢ in D7,, then the regularization
(T, 0, (x — t))D, » converges to Tin D’,. So, to prove that (T, P, (v — t))D, .

Ll Ll
converges to T in D, as y — 0%, it suffices to show that P, converges to ¢

in D}, asy — 0F.

As we know, D7, is the dual of the space B, which is a Fréchet space
with respect to the family of seminorms {s,,} -_, given by

sm (@) = sup [|0%¢||

0<|al<m
We consider in D', the strong dual topology. In this topology, conver-
gence means uniform convergence over each of the bounded subsets of B.

Let us recall that a subset B of é is bounded if for each m = 0,1, ... we have

Sup Sy, () < 00
peB

We will now prove that P, converges to 0 in D}, as y — 0. In fact,

given B CB bounded and given ¢ € B, we have

| e -po)Pwal. )

For a fixed M > 0, we can estimate this last integral as

/||>M o (yu) — ¢ (0)| P (u) du+/|<M o (yu) —  (O)| P (w) du = Ins + Ty
(48)

(Pp),, 400 -

DB
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We have
Tng < 250 () / P (u) du (49)

Since the function ¢ belongs to a bounded subset B of B and P is an
integrable function, given € > 0 there exists M. > 0 so that

sup Iy < e (50)
peB
To estimate Jy,., we write
1
o) =00 = [ (Vi) (tyu) o yu 61)
0
Thus, for |u| < M. we have
|0 (yu) = ¢ (0)] < nsy () yMe (52)
Or,
Ju. < nsi () yMe (53)
Thus, we can say that there exists d. > 0 so that for 0 < y < J. we have
sup Jy, < € (54)
peB

.From (50) and (54), we conclude that P, converges to d in D}, asy — 0.
This completes the proof of Proposition 16 =

This result states that every integrable distribution on R™ has a harmonic
extension to the upper-half space Ri“, extending the classical result of S.
Bochner ([3], [4]) for integrable functions. It also extends a result of H.
Bremermann for distributions with compact support in R ([5], p. 49).

E. Stein and G. Weiss ([18]) have obtained an extension of Bochner’s
result to the space M of finite signed Borel measures in R", with almost
everywhere convergence at the boundary. Proposition 16 includes a version
of this extension with convergence to the measure at the boundary, in the
sense of the strong dual topology of D’,. In fact, every finite signed Borel
measure defines an integrable distribution. This assertion follows from the
observation that M is the dual of the space Cj of continuous functions on
R" that vanish at oo, equipped with the supremum norm. So the map

o= (1 Py = [ P@)n(o)

R
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is continuous on C§° with the topology of B because of the estimate

< llel el

)(Ma @)M,cgo

where ||u1]] denotes the total variation of the measure pu.
Let us point out that the harmonic extension obtained in Proposition 16 is

not unique. Indeed, if we add to (7}, P, (x — t))D, » any harmonic function
Ly
on R’ that is zero for y = 0, then the resulting harmonic function is still

an extension to the upper-half space of the distribution 7. Of course, what
we are observing is that the Dirichlet problem on an unbounded domain does
not have a unique solution.

We now move on to the product domain case. Before stating the cor-
responding boundary value result, we remark that the notation (y) — (0)"
means that y; — 07 for each j =1,2,...,n.

Proposition 17 Given T € D}, the S'-convolution T * P,y converges to T
in D}y as (y) — (0)".

Proof. According to Proposition 7, given 7' € D ,, the S’-convolution
of T and Py coincides with the regularization

(Tx, P(y) (:L‘ — t))D/ .

Ll B

Thus, it suffices to show that P, converges to § in D}, as (y) — (0)".
With the same notation as in Proposition 16, we can write

/R (o (Y101, ey Yntn) — @ (0)) P (uq) ... P (uy,) duy...du,

Y
|u|>M |ul<M

The integral flu can be estimated in the same way as in Proposition 16.

|>M
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To estimate the integral f|u it is enough to notice that we can write

|<M>
@ (YU, ., Yntn) — @ (0,...,0) = @ (y1u1, ..., Ynn) — © (0, Yy2U2.., Ynn)
+¢ (0, yatiz.., Yntin) — ¢ (0,0, ysus.., Yntiy,)

1 agp
= / ) (tlyluhyQuQa 7ynun) yluldtl
0 01
Lo
+

/ 6780 (0, loyoua, Ysus. .., ynun) YoUadts
0 2

Oy
0, .0, 0, L Untin) Yntindts,
++/Oaxn(,,,yU)yu

Thus, for M, as in Proposition 16 we can write
lo (Y1, ooy Ynttn) — @ (0, ...0)| < nsy (@) M. mjaxyj

and the rest of the proof proceeds in the same way.

This completes the proof of Proposition 17. m

Proposition 17 has been obtained by H. Bremermann with a different
proof. In fact, the space denoted by Bremermann as Oy is the space B, and
so the space O is the space D7, of integrable distributions.
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