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Abstract

We define a family of conjugate Poisson transforms of distributions T'
in the optimal space of weighted distributions wi...w,D}1, by means of
the S’-convolution. We prove that their boundary values in the topology
of this space of distributions are of the form H (T), where H is the n-
dimensional Hilbert transform of 7T'.
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1 Introduction and notation

The n dimensional Hilbert transform H is a convolution operator with the kernel
p.o. 71 R ... ®p.v. i that is defined for a certain class of tempered distributions.
This class can be easﬂy identified. In fact, the optimal space of tempered dis-
tributions for which the n-dimensional Hllbert transform is defined is the class
of weighted integrable distributions wy...w, D}, (see [10],[1]). The convolution
considered here, is the so-called S’-convolution, a commutative operation for
tempered distributions developed by Y. Hirata and H. Ogata [8] and R. Shi-
raishi [12] with the purpose of extending the validity of the Fourier exchange
formula F(S+T) = F(S)F (T), where the product on the right-hand side
must be understood in an appropriate sense that we will precise later.

The aim of this paper is to solve the following boundary value problem:
given a distribution 7" € wy...w, D} 1, we consider a family of conjugate Poisson
transforms of 7" and prove that its boundary value in the topology of w;...w, D’
is H (T'). Thus, we generalize a result proved by Pandey and Singh in ([9, Th.
4.3]) for the space of distributions D},, 1 < p < oo.

The paper is divided in three sections. In Section 2 we consider two family
of kernels: the product domain version of the one-dimensional Poisson kernel
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and the product domain version of the one-dimensional conjugate Poisson kernel.
Both versions correspond to the domain Ri XX Ri consisting of n copies of the
upper half-plane and they are related by means of the one-dimensional Hilbert
transform. We present here some results concerning to the §’-convolution with
these kernels. In Section 3 we consider the n-dimensional Hilbert transform of
distributions in wl...wnD’L1 and we prove the main results of this work.
Finally, concerning notation, partial derivatives will be denoted as 0, where
a is a multi-index (aq,...,a,). We shall use the standard abbreviations |a| =

a1+ ..+ ap, % =z ...2%. For a function g, we will indicate with 5 the func-
tion x — g (—z) . Given a distribution 7', we will denote with 7" the distribution

p — (T, <,v0>, where ¢ is an appropriate test function. The Fourier transform

will be denoted as F. The letter C' will indicate a positive constant, probably
different at different occurrences.

2 Poisson and conjugate Poisson transform of
weighted distributions

In this section we will consider the Poisson and conjugate Poisson transforms
of certain weighted integrable distributions. These transforms are defined by
means of the &’-convolution with the product domain versions of the one-
dimensional Poisson and conjugate Poisson kernels, respectively.

Let us first review the notion of S’-convolution that will be used. The spaces
of functions and distributions related to this notion can be found in [11] and [6].
For the sake of completness we give a brief account of them.

The space of integrable distributions D}, is, by definition, the strong dual
of the space B of smooth functions ¢ : R” — C such that 9%p — 0 as |z| — o0,
for each multi-index a. B is a closed subspace of the space B consisting of
those smooth functions ¢ with the property that 0%y is bounded for every
multi-index «, endowed with the topology of the uniform convergence on R™
of each derivative. The space C§° of compactly supported smooth functions
defined on R™, is dense in B but not in B. Each T’ € D, can be represented as
T=>" Finite 0“ f,,, where f, € L*. Consequently, we have the strict inclusions
& co), cs.

It is possible to consider D}, as the strong dual of the space B, provided
that we endow B with a topology that gives rise to the following notion of
sequence convergence: a sequence {¢;} converges to ¢ if, for each multi-index
a, sup; [[0%p;]| . < oo and the sequence {9%p;} converges to 0%¢ uniformly
on compact sets. If we denote as B, the resulting topological space, it can be
proved that C§°, and so B, is dense in B,. Thus, it turns out that D7, is also
the dual of B..

Other spaces that will be of interest later are the following:

For 1 < p < o0, let

Drr ={p € C® : 9% € LP for every multi-index a},



endowed with the topology defined by the family of norms
1/p

||¢”m,p = Z ”804()0H£ ) m:07172a""

lor|<m

The space Dyr» is a Fréchet space and we have the dense and continuous strict
inclusions C§° C Dr» C D'.

The space D~ is the space B defined above. For 1 < p < ¢ < oo we have
the continuous strict inclusions Dy» C Dpra.

When 1 < p < oo, we denote with D7, the topological dual of D;,, endowed
with the strong dual topology. We have the continuous strict inclusions D}, C
D}, for p < q. Moreover, every distribution 7' € D}, can be represented as
T =3 tinite 9% fas fa € LP. Thus D7, is continuously included in S

Now, we define the notion of S’-convolution.

Definition 1 ([8/,/12]) Given two tempered distributions T and S, it is said
that the S'-convolution of T and S ewists if T (S * @) € Dy, for every ¢ € S.
When the S’-convolution exists, the map

S—C

o= (T (S*9) ’1>’D’Ll,BC

defines a tempered distribution which will be denoted by T % S.

This is a commutative operation. Moreover, Definition 1 coincides with the
classical definition in all the cases in which the latter makes sense.

Remark 2 Y. Hirata and H. Ogata in [8] introduced the S'-convolution to
extend the wvalidity of the Fourier exchange formula (originally proved by L.
Schwartz in [11] for pairs of distributions in O x S'): given T, S € §' such
that the S'-convolution T * S is defined, then

F (T *S)=F(T)F(S). (1)

The product on the right hand side of (1) is understood in the following sense: for
any two §-sequences {px }re; and {¢x e, the sequences {(F (T) * or) F (S)}rey
and {F (T) (F (S) * ¢i)}pey converge in D' to the same distribution and this
common limit is denoted by F (T') F (S).

As it is known, a §-sequence is a sequence {¢y}r, of non-negative functions
in C5° with the following properties:

1. Supp i converges to 0 when k — co.

2. [r =1 for every k.



We will consider the following two n-dimensional kernels, namely:
The product domain version of the one-dimensional Poisson kernel

n

P (@) = [T Py, (@)), 2)

j=1

where z = (z1,...,2,) € R", y = (y1,..-,Yn), (y) > (0), meaning that y; >

0,...;yn > 0, and Py, (z;) = yijPl (xj/y;), with Py (z;) = %ﬁ, ji=1,..,n.

This product domain version of the Poisson kernel corresponds to the domain
R% x ... x R% consisting of n copies of the upper half-plane.
The product domain version of the one-dimensional conjugate Poisson kernel

Q) (z) = HQy; (x5) (3)
j=1
forz = (z1,...,2,) € R", (y) > (0) and Q,, (z;) = ijl (x;/y;j), with Q1 (z;) =
%13?, j=1,..,n.
It is well known the fact that for y; >0, j=1,...,n

Qyj (xj) =H (Py]) (xj) (4)
where H (Py].) is the classical one-dimensional Hilbert transform of P, that is,

H(P,) = (tpo.t)+ Py,
The optimal spaces for S’-convolution with the kernels (2) and (3) are de-
scribed in the following lines.

Definition 3 (/10],/1],/3]) Let w; = (1+22)"/%, j = 1,..,n. Then
wy..wp, Dy = {T eD wtw'T e 'D/L1}
with the topology induced by the map

/ /
wy..wy, Dy — D,
T — wl_l...wng.

Similarly, is defined the space w3.. w2 D, .
It can be proved the following characterization for these spaces.

Lemma 4 ([{], [5])

wi..w, Dy =T eSS :T= Z 0% fo, fo € L (wfl...wfl)

n
finite

wi..wiDy, TeS:T= Z 0% fas fo € L (wi”wy?)

n
finite



Consequently, both spaces of distributions are closed under differentiation.
They also contain known spaces of distributions, namely:

Proposition 5 For 1 < p < oo, D}, C wi..w,Dyy C w%w%D’Ll and the
inclusions are strict and continuous.

Proof. According to Lemma 4 and the characterization for the space D} ,,
the inclusions are immediate since LP — L! (wfl...wgl) — L1 (wfz...w;2).
That the inclusions are strict, is shown by the following examples.

Let T be the tempered distribution defined by the function

Fa)= 1+ (1422)""

where 0 < B < 1. Since wy %...w;; 2T € L' (R"), this shows that T’ € w?..w2 D/, .
However, T' ¢ w;...w, D}, because if we consider the sequence 1; (z) = 1 (x1/j) ...n (/7).
j=1,...,n, wheren € C§°(R), 0<n <1,n()=1for|t| <1andn(t) =0 for

|t| > 2, we can easily see that n; — 1 in B, but

(wfl...wng,nj)S,’S:/ @/ / _onG@a/i)

1ee- n
—oo (14 22)1 792 oo (14 a2)1 072
: : 1

J 1 J
2/ —dxl.../ S S
0 (1+m%)(1*ﬁ)/2 0 (1_,'_%.%)(1*5)/2

dz,,

— 00 as j — o0

since 0 < 1 — 3 < 1. This shows that the second inclusion is strict.

To see the first inclusion is proper, let us consider first the case p = 1. We
can take the distribution T = wl_l...w,jl which clearly belongs to wl...wnD’Ll
since wy ..w; 'T € L' (R™), however, taking a sequence (nj);?il as above, we
have that n; — 1 in B, but

J 1 J 1
(T,n»>2/ 7613;1.../ -z,
! 0 (1+22)"/? 0 (14 a2)"?

— 00 as j — o0.

Now, consider the case 1 < p < oo. Let ¢ and 8 be such that 1/p +
1/¢ = 1, 0 < § < 1, and pick 0 such that 1/g < § < 1 — 3. Let T
be the distribution 7' = (1 + x%)_ﬁ/z o (1+22) A2,
(1422) "2 (1422)" "2 ¢ LR is clear that T € wy...w, D,

oo

For n € C§° (R) as above, let us consider the sequence (¢;);_, defined by

Since wi t..w; T =

65 () = jien (21/4) ]%n (@n/ 7).



The sequence ((bj);’il converges to 0 in Dpq since for every multi-index «

o J" R, e
%051 = ey |10 m @)l dtree [ ol

— 00 — 00

1 e} q Qp oo |4
= e 10l - 10l

—0asj— o
because 6 > 1. Thus [|¢;],, . — 0 as j — oo. However, for j > 1 we have

(T > 1/j 1 p 1/]‘ 1 p
M) = —3 3, 0T1...—5 D E—— P 4
T a0 (14 a2)0

1 [7da 1/”%
35 :cf V0l

since 1 — 8 —60 > 0.

This concludes the proof of the Proposition. m

The authors of [3] have determined the optimal spaces of tempered distrib-
utions S’-convolvable with the kernel P,y. In fact, they prove:

Theorem 6 ([3]) Given T € §’, the following statements are equivalent:
i) T € wi. .wiDj,.
ii) T is S'-convolvable with P,y for each (y) > (0).

Also, L. Schwartz in [10] and Alvarez and Carton-Lebrun in [1] character-
ized the optimal space of tempered distributions &’-convolvable with the n-
dimensional Hilbert kernel p.v.i R..® p.v.%, namely,

Theorem 7 ([1]) Let T € §'. Then, the following statements are equivalent:
a) T € wy..w, D},
b) T is S'-convolvable with p.v.i ® .0 puv.-.

In view of (4) and Theorem 7, it seems that the optimal space for S’-
convolution with the kernel Q(y) is wl...wnD'Ll.This can be easily shown just
appealing to the following generalization of Theorem 7 proved in [2, Th. 29].

Theorem 8 ([2]) Let T € §'. Then, the following statements are equivalent:

a) T € wy..w,D},.



b) T is 8’'-convolvable with the class P.

The class P above denotes the family of distributions p.v.k (21, ..., 2, ) where
k is a kernel in L}, (R"\ {z1 =0 or ... or =, = 0}) with the following cancel-
lation and size properties:

/ k(z1,....,z5,...,x)dr; =0foreach0<a<b, j=1,...,n (5)
<|zj|<b

and,

C ,
|k (21, .y n)] < m foraz; #0,j=1,...,n, (6)

for some positive constant C.
The family of kernels Q(,y with (y) > 0 is included in the class P. Thus, we
can state:

Theorem 9 Let T € S'. Then, the following statements are equivalent:
a) T € wy..w,Dj,.

b) T is 8'-convolvable with Q) for each (y) > (0).

The S'-convolution of a distribution T" € wy...w, D}, with the kernel Q) is
a function whose value at x is given by

T Qq (x Hw_l )T, ij )Qy, (5 — t5) (7)
D!, B,
for each (y) > 0. Indeed, writing

Hw—lT = > 0fa

finite

with f, € L' (R"), for ¢ € S we have

(15 Q@) grs = (0 oo Tuortny (@ *9) Dy o (8)

1:Pe

The function wj...w, (Q(y) * <p) belongs to B since Q(y) x @ is a C'*° function



such that

e =t/ sl
O+ (o |_/R}H|y]1+ o)

[ i(1+<<wj—tj>/yj>2)”2

2
R"j:1|yj‘ 1+((xj_tj) /yj)

o (t)] dt

n

< [ T (14 =t /m?)loola
< C/Rnﬂﬁ (1 + (xj/yj)2)71/2 (1 + (tj/yj)2)1/2 (142) " dt

= Cﬁi (1+ (9%‘/%‘)2)71/2 /_Z (1+ (tj/yj)2>1/2 (1+¢2) " dt;,
(9)

hence wy...w, (Q(y) * ap) is bounded. Moreover

o“ [w1...wn (Q(y) * gp)] = ZCa,gaﬁlwl..@B”wn (Q(y) * 8“_ﬁ4p)

BLa

and taking into account that 9% w; is w; or a C° bounded function, proceeding
as above we can show again that 0 [wl...wn (Q(y * <p)] is bounded. Thus, we

can expand the right hand side of (8) as (wfl... W T wy . wy (Qy) * ap)) 5
Ll’ €

and using Fubini’s theorem we can finally obtain (7).
We have seen in Lemma 4 that wl...wnD'L1 is closed under differentiation.
Moreover we can also obtain the following results.

Lemma 10 If T' € w;...w, D}, then 0% (T* Q(y)) = (0°T) * Q) for each
multi-index .

Proof. The proof of this Lemma follows exactly the same scheme than that
of [5, Lemma 9] but this time using the the fact that for every j = 1,...,n, each
v € S(R) and every k =0,1,2,...

|Qyj * ak80| S Cij;l’
which can be proved as we did in estimate (9). =

Lemma 11 Given T € wy..w, D}, the S'-convolution T * Q) belongs to the
space wy...w,Dr1 for each (y) > 0.



Proof. By Lemmas 4 and 10, it suffices to prove that T+Q, € Lt (wfl...w_l)

n
for every T' € wy...w, D} ,. Once again, following step by step the scheme of the

proof of [5, Lemma 10] and noticing that for j = 1,...,n we have
P
|0%w; (8)| < Cp, (1+15) 7
and
) _(1+(%2'*31))
Cy, 3, (x; — t5)
i—B; ) ) a;,B J J
’8053 ]Qy]' <xj_tj>‘éw<1+y?> 5

we can finally prove our assertion. m

Remark 12 As a consequence of Lemma 11, for each (y) > 0, the S’-convolution

with the kernel Q) preserves the space L' (wfl...wgl).

The proofs of Lemmas 10 and 11 rely on the same arguments given to prove
the corresponding results for the kernel P(,). Moreover, for this kernel it can be
proved ([5, Th. 11]):

Theorem 13 [5] Given T € wi..w2D} ., the S'-convolution T = P, converges
to T in wi..w2D}, as (y) — (0)".

It is also possible to consider the family K of kernels that can be written as

Py, Py Q. Q.

where 1 < j; < .. < jg < n, 1 <4y < ... < g < n and {j1,....,55} N
{il, ...,in_k} = .

Then, for T' € wy...w, D}, the 8'-convolution T« (P, ..Py, Q- Qy,, )
is defined. In fact, it is a function whose value at x is given by

n
ijil(tj)Th Wiy (th)Pyh (mjl - tjl)"'win—k (tin—k)Qyin_k (xin—k - tin—k)
j=1 D’ 17BC
L
(10)

Remark 14 Given T € wy..w,D}, the S'-convolution of T and any of the
kernels of the class KC belongs to the space wi...w,Dr1 for each (y) > 0.

Indeed, given K € K, all that we need to notice is that TxK € L' (wl_l...w;l)
and this can be seen as in Lemma 11 by using (10) and the estimates

1-8;
2

0% w; (t;)| < Cg, (1+3) ,

y1+ajfﬁj 2 ’

aj— B Cajﬁj (w‘*t')Q
047 Pi Py, (25 — 1)) < 75 <1+jy_j
j



and

3 Hilbert transform of distributions in w;...w,D},

For T' € wy...w, D’ 1, let us denote by H (T') the n-dimensional Hilbert transform
of T, that is,

1 1 1
H(T) = pr (p.v.xl ... ®p.v.> *T. (11)

Tn

In [9, Th. 4.3], Pandey and Singh prove that for T' € D}, the S’-convolution

T x Q) converges to H (T') in D7, in the weak sense as (y) — ()",

In view of this remark and results of Section 2, it is natural to think that given
T € wy..w, D}, the S'-convolution T * Q,y converges to H (T) in wy...w, D},

as (y) — (0)*. The first step to prove this assertion is the following result:

Proposition 15 If T' is a distribution in wy..w,D}, then, for every 6, >
0,....,0, > 0 we have that H(T) € w‘fl...wffD’Ll. Moreover, H (w1...w,D},)
is not included in D', .

In particular, H (wl...wnD’Ll) C wy..wp, Dy

Proof. We first notice that for T € wl...wnD’L1 and every ¢ € § we have

<H (T) ?50>S’,S = (71)”’ <T’ H (cp)>w1...wnD'Ll,w;l...wng
=(-1)" <w1_1...w7:1T, wy...w, H ((p)>

.
’
D, Be

Indeed, by definition of S&’-convolution and using the fact that

1 I
wi..wy | [ pv.—®...Q0pv.— | *x¢| €B
X1 In

(see [2, Th. 29]) we obtain

1 1 1\"
H(T), )55 = = <T <<p.11. ® ... ®p.1}.> * <p> ,1> (14)
™ x1 In
D} y,Be
1 1 1\
=— <T7 (p.v. ® ... ®p.v.> * <p>
T x1 T

= (*l)n <T7 H (‘P)>w1,__wn1)/ Lwl o wn B,
L

—1 —1
w1 4..w"D’Ll ,wy - ..wy - Be

10



and also, the right hand side of (14) can be written as

1/ 1 1\’
—(w; w, T|lw.wy | [pv.—®...Qpv.— | *¢ , 1
T X1 T
D' ,,B

1 Be
= (=1)" {(wi o, T wy wn, M ((‘0)>D'LI,BC :
This proves our claim.

Now, assume without loss of generality that wfl...wng = 0“f with f €
Ll (R").

Consider first the case a = 0.

To prove that H (T) € wi'..wd» D/, it suffices to show that the tempered
distribution wy " ...w; % H (T) is continuous in C§° with the topology of B.

Let ¢ € C§°, then

‘<w1_51...wn6"7i (T) ,gp>$l s

DB
< / 1 @) [0 [wrowat (wr® ™ 0)] (@) da (15)
Denote by 9 = wl_‘;l...w;‘sngp € C§°. We need to estimate
0% [wr.w, M (V)] = Y Capd®wy...0" w,H (0% ) . (16)
B<a
We have that
1 — Y1,y T — Yn
H(W) (@)= — lim / / V@ YT )
T e1=0, 080 =0 1y 15 ey [yn|>en Y1---Yn

on

1 .
= — lim E I,
™ £1—0,...,6,—0
k=1

where I, = / / and A; ={eg; <|yj| <1} or A; ={1<|yl},j=1,...,n.
A JA,

Let us consider any of these integrals, say, for example

I— / / /
ly1[>1 [yn—11>1Jen<|yn|<1

(the other integrals can be analyzed in a similar way).

11



Thus

1] g/ / /
ly11>1  Jyn—11>1Jen<|yn|<1

o 'd) (T1 = Y1y o Tt — Yn—1,Tn — Yn) — Y (T1 — Y15 ooy T—1 — Yn—1,Tn)
y ...yn,]_yn

dyn dyl

8:5 ($1—y1, s Tn—1 — Yn—1,Tn tyn)

/ / / / _ dtdyy,...dy,.
y1|>1 [yn—1|>1Ven<|yn|<1J0 \y Yn—1]

Using the inequalities

—1/2

1/2
(1+23)"" <G (1 + (25 - yj)z) |1
for ly;| >1,7=1,..,n—1, and

—1/2
1+22)" <c, (1 + (2 — ty”)2) /

if 0 <t <1and l|y,| <1, weobtain for n; such that 1 <n; <1446;,j=1,..,n

wy ( - Wn Jjn |I|

< C/ / / / ! (1’1 - yl) w;il (.’En,1 - ynfl)wgl (mn - tyn)
\y1|>1 [yn—1]>1J e, <|yn|<1J0

X 8—(961 YLy ooy Tl — Yn—1,Tpn — tyYn) | dtdyy,...dy
Tn

=C w; ™ (1 — Y1) / w, " (Tp—1 — Yn—1)
ly1|>1 [Yn—1|>1

1
8 / / w, " (Tn — tyn) [ P (x1—v1) "'U’Z”—illil (Tn—1 = Yn—1) Wy~ ( Ty — tYn)
en<|yn|<1

X Dx, (1 = Y1, s Tl = Yn—1,Tn — tYn) } dtdy,,...dy;
2\ (m—1)/2 2y (1n—1)/2 O —m
<C (1+§1) ...(1+§n) T wy (1 —y1) dya
En oo Jy1|>1
1
X / w, " (o1 — Y1) dyn_l/ / w, ™ (zy, — typ) dtdy,
[Yn—1|>1 en<lyn|<1/0
2\ (m—1)/2 o\ (nm—1)/2 OY
<Cl(1+&) -~ (148) o,
m—1—61)/2 Nn—1-8,)/2 o
< Csup (1+&)"T72 (142) RN oyl
ceRn lal<1
<C D 0%l
laf<1

12



Thus, (15) can be estimated as

L@t (w75 ) @] o < 0 Y 0%l 111,

laf<1
The above computations show that
T el (wy'.w,") implies HT € wdt . wdn DY, (17)
Now, let us suppose that |a| > 0.
We first notice that if f € L' (wi'...w,;!) then
H(0%f) = 0"H(f). (18)

The relation (18) can be easily proved just using (12), (13) and the fact that
(18) is valid for every p € S.

Therefore, given T' € wy...w, D} 1, let ussay T' = 0° f with f € L' (wfl...wgl),
according to (17) we have that H (T') = 0°H (f) € wi*...w’» D), since this last
space is closed under differentiation because

Wi Dy =T eS T = Z O fory fo € L* (wf‘sl...w;‘;’”)
finite
(see [4]).

Finally, to show that H (w;...w,D},) is not included in D}, it suffices to
notice that the distribution 7= 6 € D}, and H (§) = W%p.v.i ®...® p.v.i ¢
D}, (see [2, Prop. 28]). m

The following result is crucial.

Proposition 16 Given T € wl...wnD’Ll, the S’-convolution T * P(y) converges
to T in wy..w, D, as (y) — (0)F.

Proof. It will be enough to prove that for every f € L! (wfl...wg") we
have Py, * f — f in L' (witw,™) as (y) — (0), since L' (wit..w;,™)
is continuously included in wl...wnD}Jl and the latter space is closed under
differentiation.

Let us assume first that f = @1 (21)...¢05 (2) with ¢; € C. (R) for j =
1,...,n. Thus

n

[Py = f = fHLl(]Rn) < Z H lpillo | 1P, % 05 — SDjHLl(R) —~0

=1 i)

as Y1, ...,Yn — 0T since p; € L' (R), j =1,...,n.
As a consequence, when f is any function in C,. (R) ® ... ® C. (R) we can
easily show that

||P(y) *f— fHLl(Rn) —0as (y) — (0)+

13



and since L! (R") is continuously included in L* (wf L.

proved for this kind of functions.

Now, let us consider any function f € L! (wfl...w;") and let € > 0. Since
C.(R)® ... ® C. (R) is dense in L! (wfl...w;”), we can find a function g €
C:(R)® ... 2 C, (R) such that

.w;"), the assertion is

Hf - gHLl(wl’l...w;n) <é.

Hence

1P f = Fll sy S WPy * (F = Dl s oy
+ [Py *9 - g||L1(w1_1.uw;") te

<[ 116 -90)

~ [ 1r® -9t

+ [Py + 9 - g’|L1(w;1_“w;n) +e.

Since | (1) = g (0 | T (P, ;) t5)] — 1£ &) — 9 &) [T (&) as (9) —
j=1 j=1
(0)" and f—g e L! (wl_l...w’"), if we were able to show that the family

n

n

|f(t) —g(t)] H (P, *w;l) (tj)|,0<y; <1,j=1,..,n, is dominated by
j=1

an integrable function, we would have for y1, ..., y, small enough that
HfP(y) *f— fHLI(wfl...w;") < 4e

and the Proposition would be proved.

n

To show that |f (t) — g (¢)] H (P, * w;l) (tj)| is controlled by an inte-

j=1
grable function, we proceed as follows. Fix j = 1,...,n and write dy; (z;) =
Py (zj)dz;, ¥ (u) = u'/?, uw > 0. We observe that u; (R) = 1 and 1; is a
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concave function. Now, using Jensen’s inequality we obtain for 0 < y; <1

0 L

o 1

- [oowj <1 + (tj - LE]')2> d‘uj (IJ)
o 1

s (L pew)

00 1/2
C / Py (tj — xj) Py, (w5) dxj)

— 00

IN

=C (Pl'HIJ )1/2
1
<C—————.
T +e)Y?
Thus,
|f () —g (@) j_l:[l(Pyj *wfl)(tj) <C|f(®) EIW (19)

and the right hand side of (19) is an integrable function on R™.
This completes the proof. m

Lemma 17 H (T) * Py =T * Q) for every T € wi..w, D}, and (y) > (0).

Proof. Let ¢ € S, then taking into account that H (T') € w;...w, D}, and
W1 ... Wy, (P(y) * go) € B, we have that

(H(T) * Pyyo9) s = (H(D) (P *#) )y .

L=«
= (H (T) ’P(y) * gp)wl...wﬂD’ l,wfl...wngp : (20)
D, :
On the other hand, since w;...w,, (Q(y) * <p) € B,
(T+ Qs 0)ss = (T(Quwy *9) i s,
(T Q( ) * @)wl w,,D’ 1wy lwn B,
( (P(y ) )wl...wnD/Ll,wfl...wngc
1 1
= <T, < v.®...®p.v.> *'P(y)*<,0>
1 Ln w14..wnD’Ll,w;1
H(T), Pry) *¢) (21)

1 1y -
wl...wnD’Ll,wl ...wy, B

From (20) and (21) we obtain that H (T') * P,y =T * Q). ®
As an immediate consequence of the previous results we can obtain:

15
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Theorem 18 Given T € wl...wnD’L1 , the 8’-convolution T * Q(y) converges to
H(T) in wy..w, Dy, as (y) — (0)".

Proof. Since H (T') € w;...w, D} ., according to Proposition 16

in wy..w, D}, as (y) — (0)". Now, by Lemma 17 we get the desired conclusion.
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