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Abstract

We consider a class of time-varying stochastic control systems,
with Borel state and action spaces, and possibly unbounded costs.
The processes evolve according to a discrete-time equation x,41 =
Go(Zp, an, &), n=0,1,..., where the &, are i.i.d. R¥-valued random
vectors whose common density is unknown, and the G, are given
functions converging, in a restricted way, to some function G, as
n — oo. Assuming observability of £,, we construct an adaptive
policy which is average cost optimal for the limiting control system
Ln+l1l = Goo(xna anagn)-
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1 Introduction

We are concerned with a discrete-time, time-varying stochastic control sys-
tem of the form

Tp+1 = Gn(xnaan7§n>a n e INO = {07 17 }7 (1)
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where z,, and a,, denote the state and control variables respectively, and {&,, },
the so-called “disturbance” or “driving” process, is a sequence of independent
and identically distributed (i.i.d.) random vectors in R* having an unknown
density p. In addition, {G,} is a sequence of given functions converging to
some function G, in the following way:

Elp[Gn(z,a,&)] — Elpg[Gue(z,a,&)] for all (z,a) and Borel set B, (2)

where 1p5(.) denotes the indicator function of the set B (See Assumption
2.2 for more details on this condition). This type of systems appears, for
instance, in some time-varying controlled biotechnological processes (Ref.
1,2). We will illustrate the main results of this paper with a generic model
of bioreaction.

Assuming that the realizations of the processes {{;} and {z;} are com-
pletely observable, our main objective is to introduce average cost optimal
adaptive policies for the general limiting system

Ty = Goo(Tr, a1, &), t € Ny, (3)

considering possibly unbounded one-stage costs. This work is motivated by a
previous paper (Ref. 3) which deals with the construction of asymptotically
discounted optimal adaptive policies for (3). We take advantage of these
results for studying the average optimality via the average cost optimality
inequality, and using a variant of the well-known vanishing discount factor
approach (see (Ref. 4) in the case of a time-invariant system). It consists
in fixing an appropriate sequence {o;}, a; " 1, of discount factors, and
in exploiting the corresponding ay-discounted optimality equation and its
limit as ¢ — oo. The adaptation to the time-varying system is realized by
considering the average cost problem for the time-invariant system

i1 = Go(vr, a4, &), t € INo, (4)

for each fixed n €Ny, and then letting n — oo to obtain the corresponding
result for the limiting system (3). See also the case of an additive-noise model
with known density in (Ref. 5). Put in this form, our main result, Theorem
3.1, can also be seen as a further result of (Ref. 4) on system (3) where
the function G, is unknown and estimated by some consistent functional
estimator G,,.

The remainder of the paper is organized as follows. In Section 2 we intro-
duce the Markov control models we are concerned with and the assumptions



required. The adaptive policies are introduced in Section 3 together with the
main result, Theorem 3.1, and some preliminary facts. A generic example
of a biotechnological process satisfying all the hypotheses of the paper is de-
scribed in Section 4. Finally Section 5 is devoted to the proof of Theorem
3.1.

2 Markov control models
For each fixed n = 0,1, ..., 0o, we consider the Markov control model
M, = (X, A, {A(x) |z € X},Qn, ) (5)

associated to the system (4), in which the state space X and the action
space A are Borel spaces. They are endowed with their Borel o-algebras
IB(X) and IB(A). For each state x € X, the set A(xz) € IB(A) denotes the
set of admissible controls when the system is in state x, and is supposed
nonempty. The set

K= {(z,a):z€ X,a € Ax)}

of admissible state-action pairs is assumed to be a Borel subset of the Carte-
sian product of X and A. In addition, the transition law (), corresponding
to (4) is a stochastic kernel on X given IK, that is, for all t € INg, (z,a) € K
and B € IB(X),

Qn(B | ,a) := Prob [G,,(xy,at,&) € B | 2y = x,a¢ = a (6)

= / 15[Gp(x, a, s)]p(s)ds,
Rk
where 15(.) denotes the indicator function of the set B, and {&;} is a sequence
of i.i.d. random vectors (r.v.’s) on a probability space (2, F, P), with values
in $* and common distribution with an unknown density p. Finally, the cost-
per-stage ¢(z,a) is a nonnegative measurable real-valued function on IK.

Two assumptions are made on some components of the control models
and on the dynamics of system (1).



Assumption 2.1 (Bounds and semicontinuity.)

a) For all x € X the function a — c(x,a) is lower semicontinuous (l.s.c.) on
A(x). Moreover, there exists a measurable function W : X — [W oo) such
that sup 4,y c(r,a) < W(z), x € X, where W is a positive constant.

b) For each x € X, A(z) is a o-compact set.

Note that, by Assumption 2.1(a), ¢(x,a) can be an unbounded cost-per-
stage function, provided that is upper bounded by some function W (z).

Assumption 2.2 (On the dynamics of the system.) For each n €INy, the
function G, :IKxR* — X is continuous, and furthermore, there exists a con-
tinuous function Goy :IKxR* — X such that (2) holds, that is: the transition
law Qn(B | x,a) = E1g[Gp(x,a,&)] converges (setwise) to Quo(B | x,a) =
Fl1p[Goo(z,a,&)] as n — oo, for each B € IB(X).

One particular case which satisfies Assumption 2.2 is the following: sup-
pose that model (1) is noise additive, i.e. that z,11 = Gp(x,,a,) + &, for
all n, and that p is bounded and continuous, then (2) trivially holds if G,
converges pointwise to G. See (Ref. 5,6).

Let IT be the set of all control policies and IFC II be the subset of all
deterministic stationary policies (Ref. 7). As usual, every stationary policy
7 €IF is identified with a measurable function f : X — A such that f(x) €
A(x) for every x € X, so that 7 is of the form = = {f, f, f,...}. In this case
we use the notation f for 7 and we write

oz, f)=clz, f(z)) and Gu(z,f,s) = Gnlz, f(z),s)
forallz € X,s€R* and n =0,1, ..., c0.

For a fixed n = 0,1, ..., 00, when using a policy m € II, given the initial
state o = x, we define the total expected a-discounted cost when the control
model is M,, [see (5)] as

Vin(m, ) := BT

Z a'e(xy, at)] , (7)

where o € (0, 1) is the so-called discount factor, and Eé")” denotes the expec-
tation operator with respect to the probability measure ngn)ﬂ induced by the
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policy 7, given the initial state g = = and the model M,, (see, e.g., Ref. 7).
We also define the long-run expected average cost when the control model is

M, as )
Z c(xy, at)] . (8)

t=

Jp(m, ) := limsup m ' E(™

m—00

The functions

Van(x) == inlf] Van(m,z) and  J,(x) = inlf] Jo(m,x) forze X (9)
TE TE

are the optimal a-discounted cost and the optimal average cost respectively,

corresponding to the control model M,,.

A policy 7* € II is said to be a-discounted optimal for the control model
M, (n=0,1,...,00) if V, ,(x) = Vo (7", ) for all x € X. Similarly, a policy
7 € II is said to be average cost optimal (or simply AC-optimal) for the
control model M,, (n =0,1,...,00) if J,(z) := J,(7*, ) for all x € X.

Our main problem is precisely to introduce AC-optimal adaptive policies
for the limiting system (3) when the density p of the r.v.’s & is unknown.
To that aim, we shall require two sets of hypotheses in addition to Assump-
tions 2.1 and 2.2. Assumption 2.3 is made of technical requirements on the
unknown density p and on the function W introduced in Assumption 2.1(a),
whereas Assumption 2.4 refers to the transition law and will be necessary to
ensure a solution to the average cost optimality inequality (ACOI).

Assumption 2.3 (On the density p and the function W.) Fixz an arbitrary
e € (0,1/2) and denote L, the space L,(R*) where ¢ := 1+ 2¢.
a) p € Ly;

b) there exists a constant L such that for each z € R*
IApll,, < LI, (10)

where A,p(s) == p(s+2) —p(s), s € R* and |-| is the Euclidean norm in R¥;

c) there exists a nonnegative and measurable function p : ®* — R such that
p(s) <p (s) almost everywhere with respect to the Lebesque measure;



d) for all s € R*, the function ¢ defined by

o(s) :ZSI)I(p[VV(I)]‘1 sup  WI[Gn(z,a,s)] (11)

a€A(z),n€Ng

1s finite, and moreover
- 1-2
e) [*(s)]P(s)] " ds < oo
Rk

The function ¢ in (11) might be nonmeasurable. In such a case we suppose
the existence of a measurable upper bound ¢ of ¢ for which Assumption
2.3(e) holds. Besides, from (11), note that, for each n = 0,1,..., 00, 2.3(d),
(e) holds with ¢,, instead of ¢, where

©n(s) == sup[W (2)]™! sup W[G.(z,a,s)].

X a€A(x)

Assumption 2.4 (Bounds for the transition law.) There ezists a probability

measure v on (X,IB(X)) and two constants 1> 0 and By € (0,1) for which
the following holds: for each f €IF andn €INy, there is a measurable function
0 <rn(-) <1 such that for any x € X and B €IB(X),

Z) Qn(B | th) > ¢f7n(x)V(B);
i6) [ yn()(de) 20
i) [ WP|Gp(z, f,s)p(s)ds < BoWP(x) + s n(x)by for some p > 1, with

by == pr(y)u(dy) < 00.

Remark 2.1 The set of Assumptions 2.1 to 2.4 is more restrictive than the
assumption used in (Ref. 3) for the discounted criterion because of additional
difficulties in the asymptotic analysis of the average cost. In fact, in (Ref.
3), it was only necessary to impose Assumptions 2.1 to 2.3 together with

/Wp[Gn(x, a, s)|p(s)ds < BoWP(x) + by, (12)
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forallx € X, a € A(z), n € INy, and for somep > 1, By < 1, by < 0.
Now, it is easy to see that (12) follows from Assumptions 2.4 (i), (iii) taking
the same p, [y and by, and by the fact that for each x € X and a € A(x),
there is a stationary policy f €IF with f(x) = a (see Example 2.6 in Ref. 8).
Moreover, in Lemma 5.1(a) below, it is stated that

/W[Gn(x,a, s)|p(s)ds < W (x) + b, for allz € X, a € A(z), n € INy,
Rk

(13)
where 3 = ﬁé/p and b = bé/p.

3 Construction of the adaptive policy and main
results

The average optimality of the adaptive policy is studied via a variant of the
so-called vanishing discount factor approach. This approach consists in first
choosing an appropriate sequence {a;}, oy " 1, of discount factors, then
replacing the unknown density p by suitable estimators p;, and finally ex-
ploiting the corresponding «;-discounted optimality equations for the model
M,, n = 0,1,...,00, taking limit as t — oo. To state our main result, we
first present two lemmas that summarize important facts on discounted and
average criteria, next we introduce a sequence {p;} of estimators of p which
has been used in (Ref. 9,10,4).

Results on discounted and average criteria. Let W be the function
introduced in Assumption 2.1. We denote by Ljy the normed linear space of
all measurable functions v : X — R with a finite norm |||y defined as

Ju(x)|
Ul|yy = SUp —— - 14
fulhy <= sup 1) (14
Lemma 3.1 (Ref. 6,3). Let a € (0,1) be an arbitrary but fixed discount
factor. If p satisfies the condition (12) (or (13)), then under Assumptions
2.1 and 2.2,
a) Von(x) = Vaoo(x), as n — oo, for all x € X;



b) forn =0,1,...,00, the value function V., satisfies the a-discounted cost
optimality equation

Van(z) = aeigfx) c(x,a) + a/Vam[Gn(x,a, s)p(s)ds| , =€ X; (15)
§Rk

c¢) for any 6 >0 andn =0,1,..., 00, there exists a policy fs, €IF such that

c(z, fon) + a/Va,n[Gn(x, fom, S)]p(s)ds < Von(x)+6 VeeX. (16)
Rk
The selector fs,, is also called a §-minimizer of the function a — c(z, a)+

& [ VonlGnlz, a,s)]p(s)ds.

It is easy to see, from results in (Ref. 11), that if p satisfies the condition
(13), under Assumption 2.1(a), we have

CW (z)

—

Voz,n(l‘) S

forallz € X, a € (0,1), n € INy. (17)

Thus, from Lemma 5.1(c) below, we have that

CW(x)

—

Vaoo(z) <

forall z € X, o € (0,1). (18)

Lemma 3.2 (Ref. 5) Suppose that Assumption 2.1, 2.2 and 2.4 hold. Then:

a) For each n = 0,1,...,00, there exist a constant j* and a nonnegative
function h,, € Ly such that, for all state x € X, the average cost optimality
inequality (ACOI) holds, i.e.,

Jo 4+ hy(z) > ir(le) c(x,a) —I—/hn[Gn(x,a, s)|p(s)ds| . (19)

%k

Moreover, j: is the optimal average cost for the model M,, i.e., j: =
infren Jo(m, ).

b) The sequence {j*} converges to j* asn — 0.
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Remark 3.1 a) The relation between the discounted and average criteria
is giwen as follows. Fiz an arbitrary state z € X, and let jo, = (1 —
a)Von(2) and hopn(x) = Vou(z) — Vonu(2), for a € (0,1), n = 0,1, ..., 0.
Then, following standard arguments in the literature on average cost MCPs
(see, e.g., Ref. 12,13), it is possible to prove that, for each finite n €Ny,

tlim Jown = Jns (20)

for any sequence {c} of discount factor such that oy /" 1. In addition (see
Ref. 12), the pair (j}, hy(z)), with hy(x) = Uminf, o ha, n(z) for n €Ny,
satisfies the ACOI, and we have

sup ||\ hanlly < 00, n € INg. (21)
a€(0,1)

b) From Lemmas 3.1(a) and 3.2(b) it is easy to see that (20) and (21) also
hold for n = oo, 1i.e.,

B o, oo = % (22)
and
sup |[[ha,o0llyy < 00. (23)
a€e(0,1)

Density estimation. Let &, &, ...,&_1 be independent realizations (ob-
served up to time ¢ — 1), of r.v.’s with the unknown density p. We suppose
that p satisfies Assumptions 2.3 and relation (12) or (13).

We estimate the density p applying a method of statistical estimation that
was originally proposed in (Ref. 9) to obtain an asymptotically discounted
optimal (ADO) adaptive policy for time-invariant control model (see also Ref.
10,4). This estimation scheme was slightly modified in (Ref. 3) to construct
ADO adaptive policies for time-varying model M,,, n = 0,1,...,00. In that
paper, it is shown the existence of estimators p;(s) = pi(s;&o, &1y vy E—1),
s € R*, satisfying the following properties: For each t €N,

1) pt € Lq;
i) p; is a density function on R*;

i) pi(s) <p (s) a.e;



iv) for all (z,a) €K, n=0,1,..., 00,

/ W(Ga(, a8)]pr(s)ds < BW(x) + b, (24)

Furthermore, from (Ref. 9,3) we know the following:

Lemma 3.3 Suppose that Assumption 2.3 holds. Then for some vy > 0,
Ellpi=pll” =0(t™) ast— oo, (25)

where 1/p+1/p' =1 and ||| is the pseudo-norm on the space of all densities
p on R* defined as:

|| ] —sup sup/W (x,a,s)u(s)ds. (26)

For arbitrary density p in %, the pseudo-norm ||g|| may be infinite.
However, ||u|| < oo for any density function satisfying (13).

Construction of the adaptive policy. Having the estimators p; of p, we
now define an adaptive control policy as follows.

We fix an arbitrary nondecreasing sequence of discount factors {&;} such
that 1 — &, = O(t™7) as t — o0, and

K(m)

lim
m—00 m

~0, (27)

where 0 < 7 < v/(3p’) (with v and p’ as in Lemma 3.3) and x(m) is the
number of changes of value of {&;} for t =0,1,...,m.

For each fixed ¢, let Véfijz (m,2) = B [>reo aFc(ar, ar)] be the total ex-
pected &;-discounted cost for the model M,, and process (4) in which the r.v.’s
£0,£1,. . ., have the common density p;, and let Véf’g( )= mfﬂen VOftptn (m, :c)

x € X, be the corresponding value function. The sequences B e ( ) and jat .
are defined accordingly [see Remark 3.1].
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Remark 3.2 Taking into account the property (24) of the estimators py, it
follows from Lemma 3.1(c) that for eacht > 1, n=0,1,...,00, and for any
0¢ > 0, there exists a stationary policy f;, €IF such that

oz, fn) + Gy / VPG (@, fon, $)]p(s)ds < Voftptg(x) +6, VreX. (28)

at,n

§Rk
Moreover, from (17) and (18), for eacht > 1 andn =0,1,...,00

v () < ?L@ forall z € X. (29)

Qt,n ~

For each t €N, we set h; := (¢, ag, &0, -, Tt—1, @r—1, &1, T¢), the history
up to time ¢, where (Z,,, @) €K, &, € R¥, m =0,1,...,t — 1 and 2, € X.

Definition 3.1 Let {St} be an arbitrary convergent sequence of positive
numbers, and let 6 = limy_oo 0. In addition, for each n = 0,1, ...,00, let
{ftn} be a sequence of functions in IF satisfying (28). The adaptive policy

Fn = {fen} is defined as (b)) = To(he; pr) = fen(as) for each t €N,
where Ty, (x) s any fived action in A(x).

Using similar arguments as in (Ref. 3), it is easy to see that the policy T,
is the sequence {7}, where each component 7; ., ¢ €N, can be obtained

as an accumulation point of the sequence { ft,n (xt)} indexed by n.

Now, our main result (proved in §5) is the following:

Theorem 3.1 Suppose that Assumptions 2.1 to 2.4 hold. Then the adaptive
policy Ty 18 5—avemge cost optimal for the model My, that is, Joo (T, ) <
Ja + ) for all x € X, where j% is the optimal average cost in Lemma 3.2
for the model M,. In particular, 2f(§ = 0, then the policy T is average cost
optimal for the model M.
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Remark 3.3 a) Since Assumptions 2.3 and 2.4 are stated for each finite
n €INy, it is well known that the adaptive policy 7, 1is S—avemge cost optimal
for the model M,, (see, e.g., Ref. 4). The interesting point of Theorem 3.1
1s that this result also holds for n = oo.

b) It is well-known that average cost optimal stationary policies exist for the
control model M,,, n = 0,1, ...,00, if the minimum on the right-hand side of
(19) is attained for each x € X. However, to ensure the existence of such
mainimum, typically we require rather restrictive continuity and compactness
conditions on the control model M, (see, for instance, (Ref. 14,12,15,16,
11, 13,17) in the case n €INy; and see (Ref. 5) for n = o0o0). Hence, it can
happen that under the assumptions made in this paper, stationary policies for
the average criterion do not exist for the control model M,, n = 0,1, ..., 00,
with a known density p of the r.v.’s &, while our main result, Theorem 3.1,
guarantees the existence of average cost optimal adaptive policies.

4 Example

We now discuss an example in biotechnological processes to illustrate how to
verify our assumptions. Consider the following system

tus = (H(n)galan) + Gloma) +6) (neNo), (30

xo = x given, with state space X = [0, 00) and actions sets A(z) = A for all
x € X, where A is a compact subset of R. The functions H, g, and G are
continuous and such that H(0) = 0 and G(0,.) = 0. The sequence of r.v.’s
{&,} is 1.i.d.

This model represents, for example, the real time evolution of the con-
centration z,, of a biomass in a bioreaction, directed by a control action a,,.
Such reactions are very common in depollution and in the agro-food industry
(Ref. 1). The function g,(z) then characterizes the microbial growth rate,
which is a time-varying quantity, influenced by many factors (biomass and
substrate concentrations, temperature, pH, etc). However, under suitable
conditions, the growth rate g,(z) tends to a “stable” growth rate g..(z) (in
the sense of Assumption 2.2 for example), and so the time-varying system
(30) “tends” to a time-homogeneous system such as (3).

To assure that the system (30) has a nice stable behavior, we make the
following assumption on its dynamic:

12



Assumption 4.1 There ezists a positive constant n < 1/2 such that

H .
lim sup sup sup |H(2)g:(z) + G(x,a)|

|| — 0o 1€No acA(x) |f7€|

See for example (Ref. 18) for further details on this kind of hypotheses.

The control objective is defined as the regulation of {z,} around a fixed
reference point x* € X. To that aim, we choose the following cost function

olx) = |z —2*|"?, zeX.

The r.v.’s &, &, ... are supposed to be i.i.d. with unknown density p €
L,(R), bounded and continuous, and satisfying the inequality

|Apll, < L1M7, (31)

for some given constants L < oo and ¢ > 1. A sufficient condition (see Ref.
9) for (31) is the following: there exist a finite set B C R (possibly empty)
and a constant L’ > 0 such that:

i) p has a bounded derivative p’ on i\ B which belongs to L,(R);

ii) the function |p/(z)| is nonincreasing for x > L’ and nondecreasing for
r < L.

In addition, we assume that E (&) < 1 — (n — 1)? and that there exists
a constant M < oo such that p(s) < M min{1,1/]s|'*"}, for all s € R.
Clearly, Assumptions 2.1 and 2.2 are satisfied defining, for x € X, W (z) :=
C(z + 0)"/?, where § = 3 —n and C' = max(1, %).

On the other hand, it is easy to check that

) <1462+ 07 s]V?/inf W(z) < 0, s € R.
14 X

Thus, Assumption 2.3 is verified by taking p (s) := M min{1,1/|s]'*"},
Vs € R, with appropriate r > 0.

Finally, denote Sy :=n + % < 1, v(.) the Dirac measure concentrated at
z=0and ¢y,(x) = P(H(x)go(x) + G(z, f) + & < 0) for all f €IF, n €N,
and any € X. Assumption 2.4 then holds with p = 2 and ;= P& <0) >
0 (by the fact that £ (&) < ; — (n—1)?), and Theorem 3.1 applies.
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5 Proof of Theorem 3.1

The proof consists in the adaptation of the results obtained in (Ref. 4) to
the limiting model M. To that aim, we need the two following lemmas.

Lemma 5.1 Suppose that Assumption 2.1(a) holds. Then, for every n €N
the condition (12) implies that

a) (Ref. 9) for every (x,a) €IK,

/ W(Go(z,a 8)]p(s)ds < AW (x) + b (32)
Rk

where 3 = ﬁol/p and b = bé/p;
b) (Ref. 9) sup,s, ET WP (2,)] < 0o and SUPy> EMT W (2,)] < oo.

If moreover Assumption 2.2 holds, then

¢) (Ref. 6) for all (z,a) €IK,

/Wp[Goo(x, a, s)|p(s)ds < BoWP(z) + by
QRkJ

and
/W[Goo(x, a, s)|p(s)ds < W (z) + b, (33)
%k}

which implies that sup, EXT WP (2,)] < oo and SUPy> EPIT W (2,)] < o0
foreach mell, ze X.

In the remainder, we will repeatedly use the following inequalities. For
any u € L{y and any density u that satisfies (33) (see (24)), we have

u(@)] < lully W (=) (34)

and

[ 4Gt us)ds <l (W (@) + 3L, )
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for all + € X and a € A(z). The relation (34) is a consequence of the
definition (14), and (35) holds because of (33) and (34).

Lemma 5.2 Under Assumptions 2.1 to 2.4, for each x € X and w € 11, we
have

/

"o (36)

Vs _ VA(Pt)
Q¢ ,00 W

& ,00

lim E*7

t—o0

Proof. Let D be the set of densities 1 on R* satisfying the relation

/W[Goo(x, a, s)|u(s)ds < W (x) + b, (37)
%k)

for each (z,a) €IK. Observe that, from (33), p € D and from (24), p, € D,
t €INp.

For each t €Ny and any density u € D, we define the operator T ;anot) =
T,: Ly — Ly as

T,u(z) == ij(le) c(x,a) + &t/u[Goo(x,a, s)|u(s)ds p, ze X, ue Ly.
Rk
(38)

Note that under Assumptions 2.1 and 2.2, from Lemma 3.1(b),

T WVaroo = Varoo and T, V%) =y

pt ¥ &t 00 Qg ,007

for each ¢t € INo. (39)

On the other hand, for each t €Ny, define 0; € (&, 1) as 6, := (1+ &) /2,
and let Wy(z) := W(z) + d, for = € X, where d, := b(6;/éy —1)"". Let
L3y, be the space of measurable functions u : X — R with the norm ||u||w,,
t €Ny, which is defined as

I p—ClCly
¢ zeX Wt(’r)

Observe that d; < 2b/(1 — &), t €INg. Hence,

lullw, < llullw <l llully, ¢ € No,
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where [; :== 1+ 2b/[(1 — &) inf,ex W (z)]. Thus, (36) will be proved if we
show that for each z € X and 7w € I

B Vs, oo — VAP

Qi ,00

p/
— 0, as t — oo. (40)
W,

t

A consequence of Lemma 2 in (Ref. 19) is that, for each ¢t €N, and
€ D, the inequality [y W[Goo(®,a, s)]u(s)ds < W(x) + b implies that the
operator T, (see (38)) is a contraction with respect to the norm ||-||y,, , with
modulus 6,, i.e.,

1T — Tyully, < 0cllv—ully, Yv,ue€ Ly, t €N, (41)

Now, from (41) and (39) we have, for each ¢t €Ny,

’ th,oo - V@ETO)O ’W < HTpVo?t,oo - Tptvdt,OO”Wt + et th,OO - Végtpgo W ’
t t
which implies that
L |1V; veo | < % iy T, Vi 42
t at,00 — Vay 00 w, = 1— ‘9t H pVar,oco = Lp, Clt,OOHWt‘ ( )

On the other hand, from definition (26), (18) and (24), and the fact that
(Wi ()]~ < [W(-)]7! for all t €INy, we obtain

||Tpvézz,oo - Tpt Voo HWt

< dsupWi(r)] sy / VaeoolGoo(z, a0, 9)] |p(5) — pi(s)] ds

Rk

Coy 1
< T swp[W(@)] " sup [ WiGeo(w,a, )] [p(s) — pu(s)| ds

—Qr X A(z)

Rk

C
< — .
<= lo—wnl (43)

Note that by the definition of &; and 6,

1

0=6) (1o =O(t"7) as t — co. (44)

16



Now, combining (42), (43), (44), and using the definition of I;, we get

B | Viay,oo — VAP
a,00 Qi ,00 Wi
, 1 2b r :
< P —+ — |IP
= [(1 0 —a) ) aPme ) e
= CPO(") |lp— pell” as t — . (45)

To conclude, we take the expectation ES™ on both sides of (45), and
observing that ES7 ||p — p||” = E||p — pi||” (since p; doesn’t depend on z
and 7), we obtain (40) by virtue of Lemma 3.3 and the fact that 37p" <

[see the definition of &;|. This proves Lemma 5.2. ¢

Remark 5.1 [t is easy to prove that

Va ,00 V(pt

& ,00

lim E( oo)m

t—o0

)WW(:ct):OforxeX, eIl (46)

Indeed, denoting C:= <E§°°)7r [Wp(xt)]>1/p < oo [see Lemma 5.1(c)] and
applying Holder’s inequality, we obtain
1/p'
)

Eéoo)ﬂ'

Va o — V(Pt)

Qi ,00

Vd o — V(Pt)

Qi ,00

wied <6 (|
w

Thus, letting t — oo, Lemma 5.2 yields (46).
Proof of Theorem 3.1.

Let {k:} := {(z4,a;)} be a sequence of state-action pairs corresponding
to the application of the adaptive policy 7. We define

O, - = c(ky) + &4 / ViaroolGoo(kt, $)]p(s)ds — Va, oo(t) (47)
%k
= c(k:) + thg(aoo)ﬁw Voo (Ter1) | Fe] = Vayoo(we).

From definition of h, o and ja o (see Remark 3.1(a)), it is easy to see that

Dy = c(ky) + @tEioo)ﬁ” [h@t,oo(xtJrl) | k] — Jéu,00 — hat,oo(xt)-

17



Now, form > k > 1,

—1E (00) oo [i clk jdt,oo] —m 1E(oo Too [i (I)t]
t=k

+ _IE(OO froo [ Oét OO(xt) - athozz w(xt-f—l))] : (48)
t=k

On the other hand, from (21), (34) and Lemma 5.1(c), we have, for
a € (0,1) and a constant C’ < oo, B [haso(zt)] < C'. Denoting
m > 1, the different values of &; for t < m (see condition

* * *
O[l, 0[2, ceey Oén(m),

(27)), and using that {d;} is a nondecreasing sequence we have

m_lE:E:OO)TAFoo [Z (hdt,oo(xt> — dth@t,oo($t+1))]

t=k
- 71E(Oo oo [Z Gt ,00 xt thdt,oo(l't))]
t=k
+ m_lE(Oo oo [Z & (hay,oo(T) — hdt,oo(xtJrl))]
t=k

r(m)
< (1=@)C +m™20"> o]

i=1
< (1—éap)C + 20" k(m)m™!
< (1—a4)C" +0(1), z € X. (49)

Now, from (15) and (47) (see also (39)) we have

O, =c(ki) + / Viaroo[Goo(Kt, s)]p(s)ds
%k)

~ int |clona) +a / Vi oolGoo (0. 0, 5)]p(s)ds

Rk
< L@+ L0+ 0]

18



where

L(t) =6y / Vay o0 [Goo (e, $)]p(s)ds — / V) [Goo (ke 8)]p(s)ds,

Rk Rk
B(t) =60 [ VGl )lp(s)ds = o [ VGl s)p(5)ds,
Rk Rk
I5(t) :=c(k,) + G, / V) [Goo (ki 8))pi(s)ds
Rk

—j{lf) C(Z‘t,a)+dt/v@t,m[Goo(xtaa7 s)|p(s)ds

§Rk:

Using (34) and (35)

nol<a |

Rk
Vd o — V(Pt)

Qi ,00

Vay oo [Goo (it )] = VP [Goo Ky, 8)]| pls)ds

Qi ,00

<y

| [BW (@) + 1] (50)

Taking the expectation ES™ on both sides of (50), the Lemma 5.2 and
(46) yield

ET|I(t)] — 0, as t — oo. (51)
Now, from the definition of &; and (29), Vdftp to)o ) = O(t7). Thus, from
llw

definition (26),

(0] < a0 [ VLG b 9] 0() — pi(5)] ds

< &W(zy) ||V

&g ,00

o=l (52)

Hence, taking expectation and applying Holder’s inequality in (52) we get

~ ’ A / 1/13/
EC 0] < (00 ES™ lp— pll” )

1/p’

- [O(t”’"”)] — 0 as t — oo, (53)
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due to the fact that 7 < v/3p’ (see the definition of d).
For the term |I3(t)], from the definition of the policy 7 and combining
(15) and (28) (see also (39)), adding and subtracting the term

j?f) c(xy, a) +dt/V(i(i’;)o[Goo(xt,a, s)|pi(s)ds
ok

in I3(t), we get

|15(t)| < 0,4 dysup /végigo (G4, a, s)]pt(s)ds—/ Vi oo|Goo (T4, @, 5)]p(s)ds| .
A(ze)
k Rk

The latter inequality yields

13(0)] <61 + 6 sup [ ViGnaa s o(s) = plo)]ds
t ok

+ @y sup /
Alzt)
§Rk

Thus, from (26),

V) (G oo (31, 0, 8)] — Vay.oo[Goo (1, @, )] | p(s)ds.

Qi ,00

V(Pt)

&g ,00

| I(t)] <6; + &W (1)

WW—mH

Varoo — VPN 18W () + 1),

Qi ,00

+ oy

.

Hence, from (50), (51), (52) and (53), we get Eeo)Fee [I3(t)| — 0, as t — oo.
Therefore

BT [§,] — 4, as t — oco. (54)
Finally, from (48), (49) and (54), we have for any £ > 1 and n — oo,
m~ BT [Z c(ky) — jdm] = (1—a,)C" +0(1) 40, z € X.
=k

It follows that [from (22), the fact that lim; .o, & = 1, and (8)]
J(Foe, ) < ji 40, z € X,

This completes the proof of the theorem. ¢
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